Abstract: We present a method for improving the spatial resolution and the amplitude by an optimized deskew filter in long-range optical frequency-domain reflectometry (OFDR). In a previous deskew-filter method, as the nonlinear phase estimated from an auxiliary interferometer is used to compensate for the nonlinearity effect in the beating signals generated from a main OFDR interferometer, the spatial resolution and amplitude of the reflection peak in a long range (i.e., 80 km) are deteriorated by a residual nonlinearity effect due to the estimation inaccuracy of the nonlinear phase. In the proposed optimized deskew-filter method, the estimation accuracy of the nonlinear phase is improved by the higher orders of Taylor expansion and the high accuracy of the estimation of the time delay in the auxiliary interferometer using a cepstrum. We experimentally demonstrate that the amplitude of a reflection peak at 80 km increases by 20.5 dB and that the spatial resolution is up to 80 cm, which is about 187 times enhancement when compared with that of the same OFDR trace without nonlinearity compensation.
Introduction
Optical frequency-domain reflectometry (OFDR) [1] has been attracting considerable attention for a number of applications, including diagnosing optical fiber network [2] and distributed optical fiber sensing such as temperature [3] , strain [4] , vibration [5] - [8] , gas [9] , and so on. OFDR is a promising technique for realizing a narrow spatial resolution and high sensitivity [10] , [11] . Although sub-millimeter resolution is achievable, the measurement range is limited to a few tens of meters, because a nonlinearity effect or nonlinear phase in the beating signals of OFDR can result in a spreading of the reflected signals energy that deteriorates their spatial resolution and amplitude. The nonlinearity effect mainly comes from by the nonlinear tuning and phase noise of a tunable laser source (TLS). This nonlinearity effects will aggravate along with the longer measurement distance of OFDR, which is a main noise source in long range OFDR. [2] , [12] , [13] .
It is desirable to keep centimeter or millimeter level spatial resolution and significantly increase the measurement range of an OFDR and many attempts have been made for this purpose [11] - [21] . Froggatt et al. presented a method that uses main interference signals to mix with a predicted phase of the TLS to achieve an OFDR with a measurement range of 2 km and a spatial resolution of 1 mm [14] , [15] . Geng et al. [16] used a fiber laser with a narrow linewidth of 1 kHz to achieve an OFDR with a range of 95 km, however, the resolution is not given. Tsuji et al. [17] propose a phase-decorrelated OFDR scheme to extend beyond the coherence length of TLS and the measurement range is up to 30 km with the spatial resolution 5 m. In [18] , a conventional OFDR also can achieve that the measurement range is beyond the coherence length of TLS by increasing tuning speed of TLS while measuring the phase noise of the reflected optical signal that carries the location and reflectivity information. This method can achieve a measurable range of 170 km for Fresnel reflection and 120 km for Rayleigh backscattering, but the spatial resolution is only 200 m. Badar et al. [19] propose a phase noise cancelled OFDR to detect 20 km Fresnel reflection with 10 cm spatial resolution using the technologies of phase diversity and external double sideband modulator. It's worth mentioning that Fan et al. introduce a novel OFDR system with the measurement range of 40 km and the spatial resolution of 5 cm [13] , [20] , [21] using an external single sideband modulator with high tuning linearity and a phase noise compensating algorithm based on different concatenation-generated phases. Although this method greatly improves both the measurement range and spatial resolution, its computation is large and measurement range still requires to be further extended.
To extend the measurement range of OFDR further, we present a simple but effective method to a long range OFDR by using a deskew filter [12] , where the nonlinear phase obtained from an auxiliary interferometer is used to compensate the nonlinear tuning and phase noise in the beating signals generated from a main OFDR interferometer. The method can be applied for the entire spatial domain of OFDR signals at once with a high computational efficiency. This method demonstrates an OFDR system with a measurement range of 80 km and a spatial resolution of 20 cm and 1.6 m at distances of 10 km and 80 km. However, in this method, a spatial resolution and amplitude of the reflection signals is worse at a longer distance than that of at a shorter distance. The reason for this degradation is a "residual" nonlinearity effect in measured beat signals from a main measurement interferometer, which comes from the estimation inaccuracy of the nonlinear phase from an auxiliary interferometer. If we are to improve the spatial resolution and amplitude of the reflection signals at the long range i.e., 80 km, we must find a way to achieve a high accurate estimation method of the nonlinear phase.
In this paper, we propose a method for improving the spatial resolution and amplitude by an optimized deskew filter in long range OFDR. The key of this method is improving estimation accuracy of the nonlinear phase from an auxiliary interferometer. On one hand, we use a cepstrum method to estimate the time delay in an auxiliary interferometer with high accuracy. On the other hand, we use the higher orders of Taylor expansion to estimate the nonlinear phase to obtain more "specific information" of the nonlinear phase and reduce the errors caused by the first order of Taylor expansion. By using our optimized deskew filter method, we reduce the "residual" nonlinearity effect and experimentally demonstrate that the amplitude of a reflection peak at 80 km increases 20.5 dB and the spatial resolution is up to 80 cm that is about 187 times enhancement when compared with that of the same OFDR trace without nonlinearity compensation. Meanwhile, comparing with pervious deskew filter method [12] , the amplitude of a reflection peak at 80 km increases 5 dB, and the spatial resolution increases two times.
Principle

Previous Deskew Filter Method
The theory of deskew filter method has already been described in detail [12] and the flow chart of an optimized deskew filter method is shown in Fig. 1 . We provide just a brief introduction here. An AC coupled beat signal Iðt Þ in OFDR generated by the interferences of the local oscillator (LO) signals (or reference signals) and received signals (or test signals) from the fiber under test (FUT) can be written as
where RðÞ is reflectivity with the fiber attenuation at a delay time of FUT. f 0 is a start optical frequency of TLS. is a linear optical frequency tuning speed. f b is a beat frequency and has a relation f b ¼ . Because different beat frequencies f b correspond to different locations (i.e., fiber distances) in a spatial domain. The last term eðt Þ À eðt À Þ is a source of the nonlinearity effect, i.e., a nonlinear phase. This could also be understood as a beating between the LO light nonlinear phase eðt Þ and received signal's nonlinear phase eðt À Þ.
A complex exponential expression is transformed from (1) by Hilbert transform that can be expressed as
where S e ðt Þ ¼ exp½j2eðt Þ, and S e ðt À Þ ¼ exp½j2eðt À Þ. The symbol Ã represents the complex conjugate. From (2), LO light nonlinear phase term S e ðt Þ is distance independent, which can be easily eliminated by a multiplication provide that the LO light nonlinear phase eðtÞ can be estimated accurately from the auxiliary interferometer. However, the received signal's nonlinearity S e ðt À Þ is distance dependent. Due to many distributed reflections (i.e., Rayleigh backscattering and multiple Fresnel reflections) occur in the spatial domain, the received signal's nonlinearity term at the different distance cannot be removed by a single reference function. To solve this problem, a distance-dependent time shift (i.e., a round-trip time delay ) must be implemented to the beat frequency signal, which can be achieved by a deskew filter expressed as expðjf 2 =Þ [22] . By passing though a deskew filter, the received signal's nonlinearity can be transformed to distance independent and then it can also be eliminated by a multiplication.
LO nonlinear phase eðt Þ can be estimated from an auxiliary unbalanced Michelson interferometer with a constant reference time delay. The steps of estimation of eðt Þ are shown in Fig. 1 . The normalized beat signal I ref ðt Þ corresponding to a reference time delay ref is
To obtain eðt Þ, the amplitude information of (3) need to be transformed to the phase information. First, the complex exponential expression of (3) can be obtained by Hilbert transform. Second, an arc tangent is operated to obtain the argument of (3). Third, a phase unwrapping is operated. Last, remove the constant and retain the phase information of (3) with time variation, i.e.,
The phase information of (3) with time variation contains two parts: one is linear variation with time i.e., the beat frequency 2 ref t and the other is nonlinear with time variation i.e., 2½eðt Þ À eðt À ref Þ. We need to separate them. The derivative is operated to the phase information of (3) and the average of the derivative is 2 ref , using that we can obtain linear part of the phase. The nonlinear part 2½eðt Þ À eðt À ref Þ is equal to that of the total phase of (3) subtracting the linear part of the phase.
For a small ref , we can approximate eðt Þ by using Taylor expansion as
an estimation ofẽðt Þ can be obtained as
From the analysis above, the eðt Þ estimation have two steps. The first step, we apply an auxiliary interferometer to measure
The measurement errors of 'ðt Þ will influence estimation accuracy of eðt Þ, which comes from detector noise, data acquisition noise, environment vibration and so on. The measurement errors of 'ðt Þ can be reduced greatly by using a low noise detector, high precise data acquisition card and vibration isolation processing. The second step, we need to use measured 'ðt Þ to estimate eðt Þ using Taylor expansion method and this step will induce main errors. We will discuss this step in detail below. In addition, as (4) is the first order of Taylor expansion, we have two conflicted requirements. On one side, we need to choose a small reference time delay ref so that yields a good estimation of eðt Þ. On the other side, however, from the experiments results in [12] , we found that if the ref is too small, a differential phase eðt Þ À eðt À ref Þ is also small so that it might be easily swamped by those stochastic noises. We find that when L ref is selected as 10 km, the result of the nonlinearity compensation is the best. However, this ref cannot satisfy well with requirement of one order Taylor expansion in (4) and cause the error ofẽðt Þ, which deteriorates the spatial resolution and amplitude of reflection peak in long range (i.e., 80 km). This paper will focus on these two issues in the previous method [12] and present a high accurate estimation of ref by cepstrum and estimation of eðt Þ by higher orders in Taylor expansion as an optimized deskew filter method.
Time Delay ref in the Auxiliary Interferometer Estimation
Bogert et al. [23] propose an idea is as follows: As to signals with echo interruption, the logarithm of its power spectrum contains an additive periodic component, which appears periodic peaks with the time delay of the echo signal interval after the inverse FFT. The time domain after processing the inverse FFT on the logarithm is defined as the cepstrum domain. We use this idea to estimate ref because eðt Þ À eðt À ref Þ can be considered as an echo signal. We set that 'ðt Þ ¼ eðt Þ À eðt À ref Þ and 'ðt Þ on the cepstrum domain can be expressed as (the detailed derivation is in the Appendix A):
whereêðt Þ and'ðt Þ are eðt Þ and 'ðt Þ in the cepstrum domain, respectively. 
Estimation of eðt Þ by Higher Orders in Taylor Expansion
The essence problem of the estimation of eðt Þ is how to reconstruct eðt Þ from the differential information eðt Þ À eðt À ref Þ. In [24] , a frequency domain method is used to achieve the estimation of eðt Þ by higher orders in Taylor expansion. We believe that this method using in the deskew filter will also be effective. First, we transform 'ðt Þ ¼ eðt Þ À eðt À ref Þ to the frequency domain:
where "ð!Þ and Èð!Þ are eðt Þ and 'ðt Þ in the frequency domain. ! is angular frequency. There is a pole at zero in the (7), so this equation multiplies both sides by j! to cancel the pole, which can be written as
The right side of (8) j!=½1 À expðÀj! ref Þ can be expressed as a Taylor expansion with higher orders (the detail derivation is in the Appendix B):
Using inverse FFT and differentiation theorem, (9) can be transformed to the time domain:
eðt Þ can be obtained by the integration of (10). From (10), we found the first term is equal to (4) and the integration of the first term in (10) is the first order of Taylor expansion as (5). The second order is the integration of first two terms in (10) . The third order is the integration of the first three terms in (10) and other orders can be obtained in the same manner. The estimation of eðt Þ by higher orders in Taylor expansion can be obtained by (10) and we can obtain more "specific information" of eðtÞ even if ref is not small enough. Here, the "specific information" essentially is high frequency signals components with relative low amplitude, which also are effective signals.
The nonlinear tuning phase and phase noise of TLS contain high frequency signals components that influence the spatial resolution and amplitude of beat singles at the long measurement distance. If we want to improve the spatial resolution and amplitude of beat singles at the long measurement distance, we need to obtain eðt Þ that contains high frequency signals components and compensate them using a deskew filter. It is noted that there are many higher derivative computations in (10) . If derivatives of the data are needed, the data must be especially smooth and the noise or "specific information" will be severely amplified by the numerical differentiation process [25] - [28] . As this amplification effect can deteriorate the estimation of eðt Þ, not all of the higher order derivative terms of (10) can be used to estimate eðt Þ. We will discuss that which orders are the best based on the experimental results in the section below.
Experimental Results and Discussion
Setup
The experimental setup of our OFDR is shown as in Fig. 2 . The main measurement interferometer is a Mach-Zehnder interferometer. The TLS has a linewidth of $1 kHz at a center wavelength 1550 nm, an optical power about 10 mw, a laser frequency tuning speed of 5 GHz/s and a tuning range of 1 GHz. A polarization diversity detection is employed to eliminate any polarization sensitivity in our main measurement interferometer. A FUT is 80 km standard single mode fiber. The sampling rate of data acquisition card (DAQ) is 25 MS/s. An auxiliary Michelson interferometer with a 10 km reference delay fiber is used to obtain the nonlinear phase of the TLS, where two Faraday rotating mirrors (FRMs) are implemented to reduce any polarization fading. The 80 km FUT and 10 km reference delay fiber are put into a vibration isolation box.
Experimental Results of ref Estimation
The experimental results of ref estimation with about 10 km and 2 km delayed fiber in the auxiliary interferometer are shown in Fig. 3 À5 s. In our experiment of nonlinearity compensation, the delayed fiber in the auxiliary interferometer is selected as 10 km.
Experimental Results of Optimized Deskew Filter Method
In order to demonstrate an OFDR performance with an optimized deskew filter method, we applied our method to process the acquired data from our OFDR, which was measuring an Fig. 4(c) and (d) , but the trace in the third order is not good and is down to the noise floor of the system shown in Fig. 4(e) . In addition, the reflection peak at 80 km of third order is seriously deteriorated comparing with the results of the first and second order. The reason of the phenomenon is the noise amplification effect due to the higher derivative computations in (10) [25] - [28] . We will discuss this problem in detail with the estimation curves of eðt Þ in the next section. We compare the spatial resolutions of the reflection peaks at 80 km in the first with the second order of Taylor À4 s estimated by cepstrum, the performance of the nonlinearity compensation is the best shown in Fig. 4(d) and (f) . Especially, the spatial resolution of the reflection peak at 80 km is up to 80 cm, which increases about 187 times than that of without using any nonlinearity compensation and two times than the previous method [12] 
À5 s and the first order in Taylor expansion). The amplitude of the 80 km peak increases about 20.5 dB than that of without using any nonlinearity compensation and 5.2 dB than the previous method. In addition, the amplitude and spatial resolution of other reflection peaks at the relative shorter distances (e.g., about 10, 30 and 40 km) are also improved but not improved a lot shown in Fig. 4(g) , (h), and (i). The reason is that the nonlinearity effects aggravate along with the longer measurement distance of OFDR. The nonlinearity effects on the peaks at shorter distance are slight, so the enhancing effects of these peaks using our proposed method are not obvious like the peak at 80 km.
Discussions of Estimation of eðt Þ With Higher Orders in Taylor Expansion
We need to investigate that how the order of Taylor expansion have an effect onẽðt Þ. Based on (10),ẽðt Þ can be expressed as
From (11), the first term of (11) is the first order of Taylor expansion, which is the "skeleton" information of eðt Þ. Other terms are "specific information" and the higher order terms will represent more tiny "specific information." Namely, we can reconstruct more accurateẽðt Þ using higher orders of Taylor expansion. However, from the experiment results above shown in Fig. 4 , the performance of the nonlinearity compensation using the third order of Taylor expansion is not good. To find the reason, we calculated each term in (11) by measured 2'ðt Þ, which are shown in Fig. 5 . Fig. 5(a) shows that the curve of 2'ðt Þ that is used to reconstructẽðt Þ. It is not smooth and has some "specific information" like noise on the curve. The first term of the data curve of (11) is smooth shown in Fig. 5(b) . The second term of the data curve of (11), as shown in Fig. 5(c) , has more "noise" than the first term, namely, this term contain more "specific information" and make the estimated eðtÞ more close to the actual eðt Þ which is the reason for the spatial resolution and amplitude of reflection peaks at long range have been improved by using the second order of Taylor expansion in the experiment results above in Fig. 4(d) and (f) . The third term of data curve of (11) have more "noise" and the shock amplitude of "noise" is larger than the second term, which is shown in Fig. 5(d) . As a common understanding, the performance of the nonlinearity compensation using third order of Taylor expansion will be better, but it is worse than the first order and second order shown in Fig. 4(e) . The reason is that the derivation operation in (10) will amplify the "noise" on the curve of 'ðt Þ [25] - [28] . Although the estimation of eðt Þ needs more "specific information", if the "specific information" like noise is amplified, it will induceẽðt Þ deviating the actual eðt Þ and deteriorate the performance of the nonlinearity compensation. In addition, this noise amplification effect will be aggravated along with higher derivation operation. The shock amplitude of "noise" of the fourth term of (11) shown in Fig. 5(e) is very huge and completely makeẽðt Þ distort with the actual eðt Þ.
Above all, the choice of the order in Taylor expansion in the estimation of eðt Þ depends on the "noise level" of 'ðt Þ that is the amplitude of "specific information" like noise or high frequency signals components. As the noise amplification effect caused by the derivation operation, we cannot choose higher orders in Taylor expansion and loose some "specific information," which will influence on the performance of the nonlinearity compensation. In future, some regularization [25] - [28] and Volterra series method [29] may be used to eliminate this amplification effect.
Conclusion
A method for improving the spatial resolution and amplitude by optimized deskew filter in long range OFDR system is presented and discussed. Based on previous deskew filter method, this proposed method focus on a residual nonlinearity effect caused by the estimation inaccuracy of the nonlinear phase. The estimation accuracy of the nonlinear phase is improved by the second order of Taylor expansion and high accuracy of estimation to the time delay in the auxiliary interferometer using cepstrum. We experimentally demonstrate that the amplitude of a reflection peak at 80 km increases 20.5 dB and the spatial resolution is up to 80 cm that is about 187 times enhancement when compared with that of the same OFDR trace without nonlinearity compensation. Meanwhile, compared with pervious deskew filter method [12] , the amplitude of a reflection peak at 80 km increases 5 dB and the spatial resolution increases two times. 
Performing the logarithm transform on (A1), which can be written as 
Substituting (A3) into (A2) and performing the inverse FFT on (A2) yieldŝ
